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EXACT DIAGONALIZATION METHODS FOR

QUANTUM SYSTEMS

H.Q. Lin and J.E. Gubernatis

Exact diagonalization methods are important tools for
studying the physical properties of quantum many-
body systems. These methods typically are used to
determine a few of the lowest eigenvalues and eigenvectors
of models of many-body sytems on a finite lattice. From
these eigenvalues and eigenfunctions, various ground state
expectation values and correlation functions are easily
computed. Although the methods are limited to small
lattice sizes, they have become increasingly popular in the
past several years. In addition to providing useful
benchmarks for approximate theoretical calculations and
quantum Monte Carlo simulations they help to provide
insight into the often subtle properties of unsolvable
many-body problems in the thermodynamic limit.

In this column, we introduce the Lanczos method'
and a related method, the recursion method.* To make
our discussion concrete, we will use the one-dimensional
(1D) Hubbard-Hamiltonian as a working example and
provide sufficient detail so that the reader can develop a
workable computer code. The ideas and concepts are
simple. As we will discuss, the main programming effort is
efficiently performing a matrix—vector multiply without
storing the matrix. Extensions of the basic ideas and
concepts to other many-electron models and to quantum
spin models is straightforward.

The 1D Hubbard-Hamiltonian is

- t t
H_ - IE (Ci,aci+ 1,0 + Ci+ l.oci,a)
Lo

+%’U2’1.;a”.;_m (1)
where ¢!, and ¢, are the creation and destruction
operators for a fermion at site / with spin o (up or down)
and n,, = c!,c;, is the fermion number operator at site i
for spin o. The first term in Eq. (1) is the kinetic energy of
the electons and describes their hopping, without spin flip,
from site to site. The second term is the potential energy
(Coulomb interaction) that exists only if two electrons
occupy the same site.

Hai Qing Lin is a Visiting Assistant Professor at the Department of
Physics, University of lllinofs, Urbana, IL 61801. James E. Gubernatis--
is a Staff Member in the Theoretical Division, Los Alamos National
Laboratory, Los Alamos, NM 87545.
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A natural orthonormal basis for the model is the
occupation number basis that includes states describing all
possible distributions of N electrons over the M lattice
sites. There are 4 possible electron occupancies at each site
(unoccupied, singly occupied for spin up or down, and
doubly occupied with one spin up and one spin down). We
can represent the up and down spin configurations
separately by assigning each lattice site a 1 if the site is oc-
cupied or a zero if it is not. An example of a state is this
basis that has 5 electrons on an 8 site lattice with 3 up and
2 down spins is

|00101010) |00100100). (2)

The up spin electrons are at sites 3, 5, and 7, and the down
spin electrons are at sites 3 and 6. The remaining sites are
unoccupied.

For M lattice sites, the number of states in the basis is
4™ which for M = 16 equals 4 294 967 296. Thus in this
basis, the Hamiltonian matrix has (4 294 967 296)°
elements, i.e., over 10'°. Although this matrix is very
sparse, the number of nonzero elements is still a very large
number, and their storage in a computer’s memory is well
beyond what is possible. For this reason, the direct
numerical solution of eigenvalue problems for quantum
many-body systems by conventional dense matrix rou-
tines, such as those found in the LAPACK software
package,® is possible only for lattice sizes up to about 8
sites. Clearly, other methods are needed.

The first step is making the problem more tractable is
the use of symmetries to block—diagonalize the Hamilto-
nian. By similarity transformations, this step produces
sequences of smaller matrices along the diagonal. If we
want the lowest eigenvalue of the Hamiltonian matrix, i.e.,
the ground state energy, we simply find the smallest
eigenvalue from each of these smaller matrices.

For many-electron models, one of the simplest
symmetries is associated with the conservation of the total
number of electrons. Using this symmetry, we need only
consider the subspace that corresponds to a specified
number of electrons for a given number of lattice sites. For
a lattice with M sites and N electrons, the number of such
states is (2M)!/N!(2M — N)!. For M = 16 and N = 16,
the largest block has 601 080 390 states, and hence the
number of elements in this block of the Hamiltonian
matrix is (601 080 390)2, i.e., over 10'".



»
f
&

From the Hubbard-Hamiltonian, Eq. (1), we see
that besides the total number of electrons, the number of
electrons with a particular spin N, also is conserved,

o

‘because neither term in Eq. (1) changes an up spin to a

down spin or vice versa. In condensed matter physics, we
typically are interested in systems where N, is fixed, so

this symmetry is useful and important. Using this
symmetry, we produce Hamiltonian blocks of size IT1, M !/
N, (M —N,)!. For M=16 with 8 up and 8 down
electrons, the largest block size has
(12 870)%* = 165 636 900 states. Thus, the Hamiltonian
matrix has approximately 2X 10'¢ elements, a number
that is still too large for most computers.

. Another common symmetry is translational invar-
iance. In one dimension with periodic boundary condi-
tions, two states connected by translational symmetry to
the one given in Eq. (2) are

|00010101)|00010010) and |10001010)[00001001). (3)

When translational symmetry is present, the states can be
grouped by wave number k, since k is a good quantum
number. For the 1D Hubbard model, translational
symmetry reduces the block sizes by a factor of M, i.e., by
the number of lattice sites, which happens to equal the
number of k values. v

As an example, if translational symmetry, conserva-
tion of N,,, and the symmetry group of a square are used
on a 44 lattice with 16 electrons (8 up and 8 down), the
dimension of the biggest block of the Hamiltonian matrix
is found to be 1 310 242. This number is somewhat larger
than what we might expect from simple considerations. 4
priori, we expect translational symmetry to reduce the size
of the matrix by a factor of 16, and the point group of the
square to reduce the size by a factor of 8, that is, we expect
that these two symmetries together to reduce the matrix
by a factor of 16X 8= 128. However, 165 636900/
128 =1 294 038 is smaller than what we actually obtain
because not all states are affected by both symmetries.
Although the actual size of 1 310 242 is much smaller than
4, (1310 242)* matrix elements still are too many to
store. We note, however, that storing a few vectors of
length 1310242 is well within the capability of today’s
largest computers.

Other useful symmetries include particle-hole sym-
metry and charge conjugation. The use of symmetries,
however, can be overdone as a point is easily reached
where little is gained in terms of computer memory
reduction and much is lost by now having a computer
code ‘“hard-wired” for a particular problem. Often, the
conservation of N, is all that is used.

One might ask, “Why not store the matrix on a disk
and read parts of it back as needed?” The difficulty is that
even on computers with fast disks, the I/0 speed still is
too slow compared to the computational speed. To avoid
this bottleneck, very fast algorithms for computing matrix
elements “on-the-fly” have been developed. These algor-
ithms are highly suitable for vector and parallel comput-
ers” and make it unnecessary to store the elements.

To see how these algorithms work, we first address
the question of how do we represent all the possible
configurations on a computer. We observe that each of the
possible 4" states maps uniquely onto an integer I defined
by

M
I=3 [n, (D27 +n (2%*i"1],

i=1

(4)

where n, (i) and n, (i) are the occupancies of site 7 for the

up and the down spins. The bits of this integer represent a
specific state

|n, (1),n, (2)ycn, (M) |1, (1),n,(2),...n, (M)).  (5)

Because we are interested in only those states that
correspond to N electrons, we need to set up a one-to-one
correspondence between J and a label J that runs from 1 to
the number of states with ¥ electrons. With such a label, a
table 7, defined by T(J) =1, compactly expresses the
correspondence.

The two-table method of Lin® is an efficient and
convenient way of establishing this corespondence. In this
method, the states of the system are split into two pieces,
which, for example, may represent the left- and right-
halves of a 1D chain or the “red” and “black” sites of a
two-dimensional (2D) checkerboard square lattice. For
the Hubbard model, choosing the two pieces to corre-
spond to the up and down spins is especially convenient.
For a given value of I, we can write

I=1, +2"1, (6)

so that the bits of the integers /, and /, represent the occu-

pancy of the sites for up and down spins. We next define
two arrays (tables) J, and J,, so that

J=J,I)+J,,). (7)

Now, if we know J and properly define J,, then J, is fixed,
and we have established a one-to-one correspondence
between I and J. Before we define the array J,, we remark
that although each state I is occupied by N electrons, the
occupancy of the states /, and I, varies from 0to N as [/ as-
sumes all possible values. For a given I,, a number of dif-
ferent I.’s will exist. We label each different states
represented by these values of /, serially by a number k
(k=1,2,...), and define the array J, by J, (I,) = k. This
value of J,, along with the value of J, fixes J, . The scheme

is illustrated in Table I. Thus, if we know I, we determine
I, and I, by looking at the bits of I. Then, from Eq. (7)
we find J. With J, we find I from T(J).

As we discuss below, the Lanczos and recursion
methods require the efficient computation of a matrix—
vector multiplication. The matrix is the Hamiltonian
matrix H and the vectors are linear combinations of the
complete set of states |I) described by the bits of the
integer LIf |) =2, a(I)|I) and H |¢) = 2, 6N

(or equivalently |¢) =2, a(J)|J) and H|¢)

COMPUTERS IN PHYSICS, VOL 7, NO. 4, JUL/AUG 1993 401

—a



Lo

(COMPUTER SIMULATIONS

of 3 electrons and 3 sites.

Table 1. Electron configurations, their representations I, and I, and position vectors J, (I,) and J (I, ) for a system

Up configuration I, J. ) Down configuration 1, J. ) J=J, +J,
111 7 1 000 0 o - 1
011 3 1 001 1 1 2
101 5 2 001 1 1 3
110 6 3 001 1 1 4
011 3 1 010 2 4 5
101 5 2 010 2 4 6
110 6 3 010 2 4 7
011 3 1 100 4 7 8
101 5 2 100 4 7 9
110 6 3 100 4 7 10
001 1 1 011 3 10 11
010 2 2 011 3 10 12
100 4 3 011 3 10 13
001 1 1 101 5 13 14
010 2 2 101 5 13 15
100 4 3 101 5 13 16
001 1 1 110 6 16 17
010 2 2 110 6 16 18
100 4 3 110 6 16 19
000 0 1 111 7 19 20

=XZ,, b(J")|J')), then by the orthonormality of the

states, we have

b(J) = (J'|H | a(). (8)
2 ,

Thus, the matrix—vector multiplication problem reduces
to the problem of computing the nonzero matrix elements
of (J'|H|J), or equivalently, the nonzero elements of
(I'|H|I).

The matrix elements for the Hubbard model separate
into matrix elements (J'|K |I) for the kinetic energy and
matrix elements (I '|V |I ) for the potential energy. For the
kinetic energy, we write

'K |I)
M
= —1A(},1) z TilCeleio, + e )
i=1
M
- tA(I;’It) z <]; |(CLC,'+1,1 _+_c;_T+ l.1ci,1)|11>’
i=1
9
where
1, ifI'=1
(0 0, otherwise (10)

The effect of the hopping terms ¢, c;, ,, + ¢!, ,,c;, and
¢l ¢io1, + ¢l ciy is to move an electron from site / to
i+ 1orfrom i+ 1to i This action changes the states |/, )
and |1,) to |I,;) and |I;). Thus, if I, hasits iand i + 1
bits equal to 10, then J,; will have these same bits changed
to O1. If the bits are 01, they change to 10. (For the bit
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combinations 00 and 11, hopping is not allowed.) We now
rewrite Eq. (10) as

(I'K |1y = =13 [AU1,)AUI)

(11)

From this expression, we see that for each value of /, there
are two values of /' that give nonzero matrix elements. The
first valueis I’ = I,; + 2™, for which the first term in Eq.
(12) is nonzero, and the second value is I' = I, + 2],
for which the second term is nonzero.

To find I,; and I,;, we start by defining a mask equal
to 2° 4 2'* ' so that its only nonzero bits correspond to lat-
tice sites 7 and 7 + 1. To find /,;, we first perform a bitwise
and (AND) operation with J, and the mask and call the re-
sult X. This integer records in its 7 and 7/ 4 1 bits the occu-
pancies of the up spins. Next, we perform a bitwise
exclusive or (XOR) operation with K and the mask and
call the result L. The integer L is zero or equal to the mask
if hopping between 7/ and / + 1 is not allowed. If hopping is
allowed, its / and 7 + 1 bits will be 10 or 01 depending on
whether the i and i + 1 bits of I, were 01 or 10. If hopping
is allowed, then I, is simply I, — K + L. The subtraction
by K removes from I, the original occupancy of the i and
i+ 1 bits, while the addition of L inserts the new bit
configuration. The analogous sequence is performed on 7,
to find 7I,;, and both sequences are repeated for all values
of i.

The evaluation of (/'|V'|I) is even simpler. We write

(I'\V|I)=UAI'D) S I |nyn, |T). (12)

+AU L)AL ]
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From the form of Eq. (12), we see that the state is
unchanged, and the computational task is to count the
number of doubly occupied sites in |1 ). To do $0, we define

(3 mask equal to 24 pM+i [r the result of an anp

If conservation of N, is used, the two-level scheme is
still used. All that changes is storing in the look-up table
only those values of J that have the correct N,. The
configurations between the horizontal lines in Table I
correspond to the different fixed N, cases. To use any one
of these blocks, all that is needed is a relabeling of the J 'S
and J’s. For example, if we have N, =2and N =1, we
resequence J from 2-10 to 1-9, and then change the J, so

to reduce it to a smaller two table scheme. The problem is
more complicated than the other cases because the Bloch
state represents a linear combination of many-body basis
states that is, in general, a complex number because of the
™ weights. This complication makes it difficult to

will assume we are interested only in the & = 0 state for
which the phase factor becomes unity and the Bloch state
is a simple linear combination of those states connected
by translationa] Symmetry.

We use Table I for illustrative purposes and focus on
the configurations in the up configuration table. For a
given value of N 1» We assign indices serially to all possible
distributions of N, electrons among M sites. For N, y =2
and M = 3, these distributions are 011, 101, and 110. For
a given value of N 1» We determine from al] the possible
configurations of N, among M sites the sets of configura-
tions that are independent under translational Symmetry.

Then, we choose from each set a representative state and
serially label these states, The final step is to associate each
of these states with each of the up spin states. For N =1,
the only distribution independent under translational

and N, = 1, translational Symmetry generates from each
entry in Table II three entries (J = 2,7,and 9) in Table I.
This degeneracy leads to an additional requirement that

We now describe the Lanczos method. We will
assume in the following that the block of the Hamiltonian

a method for determining at least some of the eigenvalues
and eigenstates of 4 without storing 4 and storing only a
few vectors with » components (# vectors). The limiting
factor is ‘the amount of memory needed to store the
vectors. i

The concept of an invariant subspace is important for
understanding the Lanczos method.” By a subspace, we
mean the set of al] » vectors that can be written as linear
combinations of a set .§ — {51,520.05, } of 1 vectors. If a
matrix 4 = 4 7, which is true in our case, the subspace is
said to be invariant under 4 if for any vector x in the sub-

Table II. Electron configurations, their répresentations I, and I, and position vectors J, (I,) and J, (I,) for a system
of 3 electrons and 3 sites after translational symmetry for k=0 is applied to the configurations in Table L

Up configuration 1, J, (1)) Down configuration 1, J. ) J=J +J, w
111 1 1 000 1 0 1 1
011 1 1 001 1 0 1 3
101 2 2 001 1 0 2 3
110 3 3 001 1 0 3 3
001 1 1 011 1 0 1 3
010 2 2 011 1 0 2 3
100 3 3 011 1 0 3 3
000 1 1 111 1 0 1 1
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space, the vector Ax also is in the subspace. What does this
invariance mean? Any eigenvector y of A, for example,
determines an invariant subspace of dimension one
because Ay = Ay, where A is the eigenvalue, and Ay is an
obvious linear combination of y. A set of m eigenvectors
determines an invariant subspace of dimension m. Thus,
any invariant subspace of A4 is spanned by a set of the ei-
genvectors of A.

If 9={q,,95-.g,} is a basis of an invariant
subspace of 4, arranged in the form of an n X m matrix Q
whose columns are g;, then the matrix product 4Q is a
nXm matrix whose columns are linear combinations of
the columns of Q. Because of the invariance of the
subspace, each vector Ag; is in the subspace. These linear
combinations can be expressed as the m X n matrix QoT,
where T is an m Xm matrix. Thus, we have

AQ=QT. (13)

If Qis an orthonormal basis in the subspace, i.e., 0 TQ = I,
then we can write

QT40=T. (14)

What does the relation Eq. (14) do for us? If A and y are
an eigenpair of T,

Ty = Ay, - (15)

then multiplying Eq. (15) by Q produces
(QTy =A(Qp). If we use Eq. (13), we find

A(Qy) = A(Qy). (16)

Equation (16) says that A and Qy are an eigenvalue and ei-
genvector of 4. Thus, the eigenvalues and eigenvectors of
a large matrix 4 can be found from those of a smaller ma-
trix 7, if the space spanned by Q is invariant under 4. The
Lanczos method generates such an invariant subspace
approximately. As a subspace, it uses the Krylov subspace
defined by K = {b,4b,4%b,....4™~'b}, where b is an
arbitrary nonzero vector. The reasoning is roughly as
follows: Under the action of 4, the vectors AbA%b,... A™b
are all in the Krylov space, except for the last vector. It
can be shown that 4 ™~ 'b converges to an eigenvector of
A if m is sufficiently large, so that 4 b is approximately
proportional to A ™ ~ 'b, and hence is almost in the Krylov
space. Thus, the Krylov space for m <n is almost an
invariant subspace of 4, and to a very good approxima-
tion, we can find eigenvalues and eigenvectors of the large
matrix 4 from those of a smaller matrix. Several
remarkable properties® follow from the selection of X:

e The matrix 7= Q 74Q is a symmetric tridiagonal
matrix.

® A three term recursion relation exists for the
calculation of the columns of Q.

e The matrix 4 is needed only to compute matrix—
vector multiplications.

e Convergence is fast. (Typically, we need orily
m = 30 — 100 even for a matrix as large as 16
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million by 16 million. In some cases, e.g., if all off-
diagonal matrix elements have the same sign,
convergence is guaranteed.)

Let us see how these properties lead to a practical al-
gorithm. We first want to compute the elements of the ma-
trix,

a, B Lo 0
B a - :
T = . (17)
. . Bm -1
0 e B a,,

If we equate columns of AQ = QT, we find the three-term
recursion relation

Ag; =519, 1 + 2,9, + B;ig; 1 1, (18)

where j=1tom — 1, and g; is the jth column of Q. The
procedure begins by setting 5, = 1 and g, = 0. Then we
let g, = b, where b is an arbitrary vector consistent with
the symmetry of 4. The orthonormality of g; implies that
a; = <qj IAqJ‘) and Bj = <q/' IAqJ'- 1) = (ql'— 1 Iqu>- With
these values of a={a,,a,,...,a,,} and B
= {B,,2-.Bm_ 1}, the tridiagonal matrix 7 is formed,
and its eigenvalues 4, and eigenvectors y, are found by a
standard method.® Here, we can use these methods
because 7'is a much smaller matrix than 4. The process is
repeated until the lowest eigenvalues converge to some
desired accuracy. We remark that usually the eigenvalues
are first determined; then computer storage is needed for
only ¢; and g;_,.

If y, is an eigenvector of 7, then to compute the cor-
responding eigenvector ¢, of 4 we see from Eq. (16) that
we need to compute ¥, = Qy,. Because we did not store
g; while generating T, we need to regenerate the q; by
starting with the same b and repeating the Lanczos
procedure. Now, in addition to storing g;_, and g;, we
have to store a third n vector, ¥,.

If this procedure sounds too good to be true, one
might ask, “What is the catch?” The difficulty with the
Lanczos method is that finite precision arithmetic causes
the g; to lose their orthogonality. One fix is to repeatedly
reorthogonalize, another is to partially reorthogonalize,
and a third is to ignore the problem.>> We generally
choose the latter to avoid the overhead associated with
reading from and writing to the disk the long vectors that
are needed to reorthogonalize. The cost is that only the ex-
tremal (lowest or highest few) eigenvalues can be
determined accurately, but these are generally all that
were wanted in the first place.

The following pseudocode® performs an effective
Lanczos method. It assumes the existence of a function
mult(4,q) that multiplies the matrix 4 times the vector ¢
and returns the resulting vector. In this pseudocode, @ and
[ are vectors of the order of the maximum number of
Lanczos steps planned, and b and g are n vectors. The
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components of the vectors are indicated by a subscript i or
J; tis a scalar. The symbol ||g|| is a vector norm, usually

taken to be the L,-norm y¢q"g. The vector b is an arbitrary
nonzero vector consistent with the symmetry of A4,

q(l:n) =0; By=0; j=0

while 5, #0
if j#0
for i=1:n
t=0b;b, =qi/ﬁj;qi = —Bj/t
end
end

g =q+ mult(4,b)
J=j+1 &, =b"g,9=q—a;b; 5, =|q|

end (19)

How is this code used? After the mth pass through the
while loop, the accrued components of @ and 8 define a
tridiagonal matrix of order m. A conventional eigenvalue
routine is used to find the eigenvalues of this matrix. If
Ao(m) is the lowest eigenvalue at step m, the procedure is
repeated until [1o(m) — Ao(m — 1)|/|A,(m)| <€, where
€ is a small number, say 107'°.

Orthogonality breaks down in 3, becomes small. If
B; = 0, then we have reduced the tridiagonal matrix T to
at least two tridiagonal parts, i.e., we have produced
vectors g, that define an invariant subspace of 4. Since the
method is supposed to produce at least approximately
such a subspace, convergence of the method and the loss
of orthonormality seem to go hand-in-hand. Fortunately,
experience has shown that the convergence to the
extermal eigenvalues (largest and smallest) is very rapid

" and the method can be used without reorthogonalization

to determine them. Ignoring the loss of orthogonality is
not as cavalier as it sounds.

Mathematicians have studied several versions of the
Lanczos method and have developed its relation to
variational principles and the method of moments. We
have presented a version suggested by Paige,'® who
studied four versions and discovered that two of these
versions, including the one described above, are numeri-
cally more stable and converge faster than the other two.
There are other versions of the Lanczos method that
require storing three vectors even for the determination of
the eigenvalues. We are uncertain of their advantages.

Usually, the eigenpair corresponding to the lowest
energy is all that is determined. Many properties of the
ground state can easily be determined knowing this
eigenpair. For example, if |¢,) is the ground state wave
function, then the spin and charge density wave correla-
tions between sites of separation j are given by

. 1
X+ 0)) =7V‘Z <‘r/’0](ni,1 =+ ni.x)
X(nH—j.r i‘ni+j.1)l'/}0>r (20)

Wwhere the plus sign refers to the charge density wave.

Similarly, superconducting pairing correlations between
sites / and j are calculated by'!

Xs(i—j) = (’/’o]A.‘Aﬂ'//o), (21)
where
1
Ai =‘N‘;cj.xcj+i,1~ (22)

Perhaps one of the more interesting things that can be
done with the ground-state energy A, and wave function
|) is to compute dynamical properties of the system by
the recursion method.**!2 The type of quantity calculated
is a spectral function defined as

(@) =3 (¥ |B|%o) [*6(0 + Ao — 4,,), (23)
where B represents some perturbation of the ground state.
For example, if B is the current operator or the spin-lower-
ing operator, then I(w) is the optical conductivity or the
dynamical susceptibility. The action of B on |1, is to cre-
ate a new state from the ground state. The expression
[{¥,, | B |to)|? is the fraction of this new state that is in an
excited state |¢,,) of the Hamiltonian. The § function
expresses conservation of energy. Using the standard
relation

S(x—x') = ——iImlim——l—,

— (24)
T -0 X — x' + i€
and the resolution of unity
1= [¢.)(¥..l, (25)
we can rewrite Eq. (23) as
1 . 1
I(w) = ——1Imlim Bt B , 26
( —Imlim (4o|B"——B|vp),  (26)

where z= (v + A, + i€). In this form, what must be
computed is a specific element of the inverse of the matrix
zI — H. What the recursion method does is to use the
Lanczos method with B|4y,) as the initial state to
tridiagonalize A. In this simple form, the matrix inverse of
zI — H for the specific element is readily obtained. Of
course, the procedure is not used on the entire Hamilto-
nian matrix H. Usually, it is used only on the block that
contains the ground state.

The spectral function /(@) also can be expressed as a
continued fraction*>'?

1

(27)
Bi

I(®) = — - Im lim
m -0

z—a, E

Z“az_.—z_

One way to evaluate the continued fraction is by “brute
force.” Another way is to observe the connection between
a continued fraction and a “stair-case” Padé approxi-
mant'? and to use a simple set of recursion equations to
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evaluate the approximant. A third way is to use the
eigenvalues and eigenvectors of T"and evaluate Eq. (23) in
this diagonal basis

1(@) =lim 5 (0, B Lyo) [ ——

+(@+A,—A4,,)%
(28)

One advantage of the recursion method is that we
only collect states that are connected to the ground state
by the operators whose spectrum we wish to calculate.
This fact saves much computer time. The major disadvan-
tage is that the finite size of the system causes the spectral
functions to be a sum of § functions. Some smoothing of
the spectrum is achieved by having € remain a small finite
value in the range 1073~10~°. Other methods also have
been proposed.'*

To conclude, we emphasize that the exact diagonali-
zation method is an important, frequently used tool in
theoretical studies of many-body problems. The method
has been used, for example, to verify the existence of
magnetic long-range order in the 2D Heisenberg model
and to support the use of the 2D antiferromagnetic
Heisenberg model to describe some properties of the
newly discovered high-T, superconductors.'S In contrast
to quantum Monte Carlo methods, which frequently
suffer from the “sign” problem,' the exact diagonaliza-
tion method gives exact answers for many-body models on
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finite lattices. Hence, the method is a means of studying
the applicability of theoretical models to experiments, as
well as the validity of approximations used in analytical
methods. Often, the results of the exact diagonalization
method point to parameter regimes where interesting
physics may occur.

The main limitation of this method is its restriction to
small lattices, and thus properties in the thermodynamic
limit are difficult to obtain. Sometimes, however, this
limitation is only an apparent one. The results for the
small lattice might meaningfully represent those of the
large systems because many-body interactions are short
ranged and can lead to phenomena with short coherence
lengths. If this length is smaller than the lattice size
accessible by the exact diagonalization method, physically
meaningful results are obtained. This situation frequently
arises for 1D systems. In other cases, an extrapolation of
results for finite sizes to infinite system sizes is possible.
Such extrapolation processes were used, for example, in
the exact diagonalization calculations of the staggered
magnetization of two 2D Heisenberg models.'* The exact
diagonalization method is not a replacement for analytical
analysis; rather, it is a complementary part of it.

Suggestions for further study

1. Investigate the implementation of the Lanczos method
to the spinless fermion'” and Heisenberg models.® What
symmetries are useful? Are there exploitable differences
between the two models that makes one easier to
implement than the other? Do the details of the two-table
and sublattice coding schemes change? If so, how?

2. Quantum chemists often use the Davidson meth-
0d'® to find the lowest eigenvalues of a large matrix.
Investigate its algorithmic structure. What are its advan-
tages and disadvantages in comparison to the version of
the Lanczos method described in this column?

3. Investigate more fully the implementation of the
recursion method and derive Eq. (27). In deriving Eq.
(27), consider the following approach: Replace the @, in
the tridiagonal matrix 7 in Eq. (17) with z — &, and call
the resulting matrix S,,. Then express S, as the block ma-

trix
Sm = [al blT ] ’
bl Sm—l

where a, =z — a,, b, is a column vector of length m — 1
with elements {f,,0,...,0}, and S, _, is the
(m —1) X (m — 1) matrix formed from S,, by deleting
its first row and column. Block invert S,, and show that
the 11 element of the inverse is

(S, = ! : (30)

a, — <b1| 1 |6,)

(29)

m—1

which equals [a, —87(S!,),;]™" To find the 11
element of S; !, block S,,_,, and then block invert it.
Repeating this procedure until only the inversion of .S, is



left produces the continued fraction. Are the Padé and
diagonal-space methods more stable or efficient than the
brute force method for evaluating the continued fraction?

4. The recursion method also can be used to perform
perturbation theory. For H= H,+ V, where
Hy|#y) = Ey|d,), the idea is to compute the Green’s
function (zI — H) ™!, where z = E + ie and obtain the
continued fraction. Because the poles of the Green’s
function are the eigenvalues of the Hamiltonian, the poles
of the continued fraction are approximations to these
eigenvalues. To develop these approximations, one takes
unperturbed state |@,), instead of B |1/,), as the initial state
in the Lanczos step to tridiagonalize H. Work through this
procedure analytically to second order and compare the
result with second-order Brillouin-Wigner perturbation
theory.
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