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FAREWORD

In preparing these notes for you, students talcing’c.:'aufses in.physics |
experiments, we have kept two objects in mind : to give a brief but self-contained
. account of the basic ideas and pnnclples underly:.ng the statistical analysis
of experimental data, and to discuss, often without proof, the most mporta.nt
formulae used in data analysis., Because of the limitation in space, we have
no choice but to emphasize practical applications, keeping all the explanations
terse and relegating the more involved arguments and manipulations to footnotes
and the Appendix., ¥ith some examples given in class instructions, you should
thus be able to learn ard apply the formulae summarized at the end of these
Notes in a very short time. However ,"'we"' ‘do hope that you 'v:.ll resist the strong
temptétion of blindly applying these formulae, and perhaps may even:be induced \_.
to do some further reading (see References) to £ill up. the many geps that we'
leave between assumpt:.ons and. results, and. to ven‘cure J.nto anexplored. areas,

such as the t-, P~ .and. xz- tests, the correlatz.on af‘ va.nables ’ etc.

The mathematics required has been kept to a minimum : rudiments of
classical probability theory, '_.§imple algebra, :a_.nd.‘elementary.'caj‘_._gulus A ﬁearw
all of which you should have mastered in high school. In pa.r‘t:i.cuiar, the first
three Chapters without the asterisked seofibi;s‘fqrmfthe core material which
even First Year students can go through-and make use of without difficulty.
The rest may take some more maturity to appreciate and k;ence.be,;deiayggi; until
the Second Tear, In any case, none of the things discuésed in these Notes
nged be memorized or would ever appear as examination qiestiansy - ‘The only . {

thing important is to Imow how to use them. 1ntell:x.gently.

It is a pleasure to than.k Dr. N, N, Chan and Dr, Martin H,S. Lau for
reading parts of the ma.nuscnpt a.nd. for ma.ny intarest:.ng and lluminating
criticisms, suggest.:.ons é.nd. hscuss:x.ons.' We also thank Miss C, Lee for her
c&reful and pa.t:.ent typlng of the manuscr:npt. C

F.C.C.

September 1969,
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I, INTRODUCTION

141 The Interpretation of Physical Measurements 7 .

-Suppose one makes n separate measmménts of a physical quantity
x5 with results Xys Koy eee X, which are usually not all the same, Then
two questions would immediately arise : what is the "best result" for x ard
"how good" is this result ? '

‘There are several possm’b:.l:::b:\.es in choos:Lng the best X

n

(4)  The HEAN VALUE E:-}l Zx{,
. =

(B) The MEDIAN, which is the "middle" value for an odd number of measure-
ments ordered in magnitude and ’che mterpolated middle va.lue
_ otherw:.se, and _
(c) The MODE, (the most probable value) , which is s:.mply the most
frequently measured value,
These three answers (which are known as LOCATION DMDICES) are usually (bu‘b
not always) the same, For physicists the mean value "X is the most
commonly used, because it is sa::_d to have the "highest statistical

cff:.clency

The "goodness' of the best result, (wh:z.ch is henceforth taken to
be B can be gauged in two v'ays :
(A) . ACCURACY, which reflects how close the result x is to the
Ahypothemcal true value xl‘,
and N
(B) PRECISION, which reflects the uncertainty we have in assigning x
as the best result, o
A quantitative estimate of the goodness of the result, with both of these
criteria taken info account, is knofm as the EXPERIMENTAL ERR(R,

As we will show, a careful determination of the error of. X may be
quite involved., However, it is very simple to make a quick; rough -
restimate : the scale uncertainty of the measuring instrunent (e.g. tQ.OS em
for a meter stick calibrated to 0,1 cm) reflects the aceuracy and the "range"
in xL (wh:z.ch is the difference between the largest ard the smallest measured
va.lues) divided by n reflects the precls:.on. The larger of the two is the

error in x, JIn other words,

8% ~ max [(x__ - x )/n, scale unsertainty], (1.1)

Best result = X * 8%, L - (1.2)



TThNET A

1.2 The Graphical Method. . .

. When measurements are made with some parameters being varied at the
same time, one may either . .. ‘

>

.(A).  infer the physical qua.nt:.ty of J.ntere.,t from ea.ch measurement and then

take the average, or
(B) plot all the results on a graph (most commonly a stralght l:.ne) and
then infer the desired result from the characteristics (e.g. ‘the slope
or intercept) of the best fitted curve, , :
While most of you mey be used to the more direct method (A), nethod (B)
usuall v much more siperior., It should be. used whenever possible..
- Let us;g—i%ré a few simple emples s
(4).  Suppose the period = of a simple pendulu.m is measured w1th the
length set at. different valuee &£'~ To obtain 'the grantat:.onal accelera.tr.or

g from these measurements one can of course find g from

- . 217 2 . | :
R Y P
o l t{ -t : .
and tale the ~averege T = 1% Egl . A far bebter way, however, is to plot

(er/'r) against. x
one point on the graph, and. the slope of tl}_e“best,,st'raight lipe going through
all the po:.nts is. & o .. _ ~ ..

(B) One want ‘to find the EMF €. and :Lnternal reslstance "2 af‘ a battery
by connectlng it to a variable external resn_sta,me R and recorc.z.n\ the
ree};l-(;gnt current. a’c»ﬂd.:.fferep_{c .settings of R, If we set y =R and  x --}
then '

A/, so.that y = gx. Each determination gives,

. .y = EX - Ri YA g |
S0 that the slope of the fitted straight lire is the EiF and the negative
intercepﬁ the internal resistance," : ‘
- (c) Yet another example is the exponential decay in time of any quantity :
' t . R

Q = Q e’r ,,.

o .
in which Q is measured. from tme 'bo tlme. Plct_tiné v = 1n Q against the
time % yields a sura._e,ht line - ’ R TR

y= - 1't + ln Q

where tie negative inverse of the slope is t‘ie decay time T and the inter-
> ‘cept is 1n Q. :

s
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We must delay until chapter 4 beféré‘ven%ﬁfing to touch upon the
many important gquestions connected with the Eraphlcal method, €eEe why 1s
it"good" ? What is the precise mathematical criterion and procedure %o flt
"the best" curve ? What are the errors in such a fit ? etc, For the moment
we presume that only straight lines are encountered and visual inspections
suffice to give the best fit, As for errors in the slope ard intercept,
they can be visually estimated by varying\thé fit to see the "tolerances" in

these quantities,

1.3 Experimental Errors

There are many reasons why non-trivial physical measurements are

asver exact : the instruments used are not completely accuraﬁé or precise,

fluctuations in roonm temperature, pressure or air current cause unpradictable

changes, the oquantity being measured is not exactly defined, - etec, With all

of these taken into account as best as p0531blp the EKPERIEENTAL ERR(R is an
estlmatea range of velue centered at the experlmental result such that we are
confﬂuunt the " true phySlcal result probably falls within the range. (Fig.1)

’4— dx e 8!x-+
T

Fig. 1 Xp is the "true" result, x the experimental result and

H“"‘.""‘

Sx the experimental errar,

We usually consider the error of a measurement from three different
aspegts, which, however, are quite closely related in most actual situations:

(4) . The INTRINSIC ERRGR 8.

.. is caused either by the limit of the precision of the insitruments -
used or by the lack of precise definition of the quantity measured., For
instance, the thickness of a piece of crystal cannot bé determined to better
than the smallest division on the measuring micrometer, and, even if ‘an |
extremely sensitive instrument is used, still cannot be measured to within,

o .
say, 14, because it is not defined down to intermolecular distance,

It is common to set intrinsic error arising from instrumental
imprecision at half of the smallest division on the calibrated scale (the

" SCALE UNCERTAINTY), There is a lot of flexibility to this, however : you

may’ ¢cautiously reduce it by visual interpclation, or you may want to increase
it when using the instrument ( ESPECIALLY ELECTRICAL INSTRUMENTS : METERS,
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OSCILLOSCOPBS BR¢DCBS ete,) on very uEHSlthB ranges. Intrinnic errors

due to the 1nherent nature of tnlnes are usually nebllglble in comparlson.
Tney must be glven separate 1nd1v1dnal phjSlcal conSLGeratlon otnerw1se.'

(8) The sysmmm ERRCIR 5

'S

- rpflects the estlmate of. necessary correctlons (to the result)

which have not been actually made. Among the many sources of systematic .

errq;§;the;follqwing,are most. common : .., .. R : :
(a) Persistent HUHAN BIAS, such as parallax in reading a meter

or delay in the reflex action of pushing a button, etc,,

(b) Long term DRIFTS in experimental coqditions, such as the

" . gradual rlse of room tenperature, cihange in line voltage

“wearlnu down af the mOV1nu parts of an 1nstrument, etc.,

() Faults in the CALIBRATIO\I ALTGNENT or even CONSTRUCTION
o lnstruments; and

(d) NESLECTED PHYSTCAL TFFECTS, suoh as the heat loss (or gain)

to (or from) surroundlngs durlne an experlment in calorl—'

'-fmetry, the zer“estlal magnetlc fleld whlch dlstorts the fleld |

in & solen01d air re51stance and frlctlon rhlch slows down a

moving cart on an alr-track etc,
From this by no means exhaustlve 1lst it is evident that no general rules

apply to systematic errors. In mpst'oases~1tisu£flces to make order-of-

magnitude estimates to show that.%hey‘are regligible when compared to other

errors, In more difficult situations (which you may well encounter) careful

individual physical considérations are necessary for a good estinate of
their magnitudes, The complete"&eterminaticnfdr”elimination of them some-
‘tines may even qegessitg#ei;dditionél separate experiments,

(C) . The RAMDGH ERRCR By . . -,

is caused by a great many very small_bht unf}adeébié”FLUCTUATIONS,

such_ag“the'mipute.and erratic chenges in temperature, atmospheric pressure,

cosmic ray strength, human reaction and judgment, etc., which constantly
affect the measurement in an unpredictable way., That is why repeated .
measurements give slightly different results even under almost identical

experimental conditions, Even though, by its very-nature, the random error

in any individual measuremernt defies-analysis,~yet-the-DIS”QIBUTION CF
RAND G EARORS 1s subJect to the poverful method of StatISulcdl analy51s.

‘Their average 51ze can therefore be reasonably determlHEd from the deriations

of each result from the average, as will be d‘scussed in the next chapte;.
The random errar usually decreases as the number af measuremento 1ncreases,
but Wlll not become much smaller tnan the 1ntr1n510 error 1f e have not

overestlmated the latter. AfteL all the uncertalnty in visual lnterpola—
tion i3 also & random effect,
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How does one obtain the OVERALL EXPIRIMENTAL' ERROR 6E from all
these ? Clearly both GI and 8R have the same origin, and the larger
of the two should reflect the random effect. The systematic srror‘<6s is
something different, however, anml must be ADDED ON VECTORIALLY unless

negligibly smeil. : In other words, ’ " :

2 R . 2 2
§“ = [max (oI, SR)] + 89,

b

or

'5E.v~ max (51, aR). (§S.<< max (51"8R)> ‘(1-3);

Since 81 cannot be reduced by repeated measurements it is clear that

there is a lower limit to 'SE :

=

by > (87 + 85) , - (1.4)

and one should only make an enough number of measurements to ensure that
SR' is well below GI. Any further measurement is then just a waste of
effort,

. . "Last but not least, it is OBVIOUS that errors have nothing to do
with BLUNDERS (or mistakes), such as misreading meter Scales, wrong setting
of instruments, errors in transcription.of data, eta. Once a blunder is
discovered, the data should be immediately discarded without hesitation,



II, RANDCH ERRORS

2,4  The Distribution of Deviations
To analyze random errors, it is necessary fo assume some knowledge

of their origin, For this purpose we consider the following naive but plausible

model : in any physical measurement a great number (n) of hypothetical -

"elementary errors" can each change the resﬁlt x from its true value Xp

by the same minute amoun®t Ax, wihich has a fixed probability p (taken to be

%) of being positive, The resultant deviation &x = x - %, is the algebraic

swi~of all such elementary errors :

i

cax s (- 9(09)

(2 -n)Ax, o o (2»:1)

where k is the number of elementary errors that ha.ppen to be positive, In
a nuwber of measurements the probability of finding a particular k can be -

shown to be

w . : nl - IC far” w - k ) R N
Bk; ny P) =g o1 P (1 - P) , (2.2).
which is the well-known BING{TAL. DISTRIBUTION, In the limit n-—w it

reduces to the NOREAL (or GAUSSIAN). DISTRIBUTION. :

. R N 2 el T el . HaS ST I
t
l— & , (2.3a)
Jer o!

where k = np and o' =/mp(1 = p).

Since’ Ox is related to k linearly, the distribution of the form-

(1],

*r

B— G(k; o', k) =

er can nov beeasily obtained from Egs, (2.1) and (2,3a)

- gaxgz
, 2 .
6(6x, o) = —t— o (2.3)
2

e
Jer o

where < =Vn08x can be shown to be #ie standard deviation (see next section)

of the distribution, If Ax—-> 0 and n— o« (but o remaining finite in

{
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the limit) we may regard 0x. in Eq. (2:3) as a2 continuous varisble, Since
X = X5 + 5x, Eg. (2.3) also gives the distribution of the measured values of
' 4

%, As expected, this is a dumbbell-shaped curve centered at x, (Fig. 2).

il

b

|
b
Bk
i |

N
IT IT{'G‘ /z‘

Fig, 2 The Normal D:Lstrlbut:z.on Curve, The peak is . at Xns and the
half-width at half héight of pealx is approm_mately C.

By virtue of a certain very powerful CENTBAL LDIT ﬂ{EOREM.,."the normal
distribution holds even if the elementary errors are not of the seme size , O
if n is not large but the sizes of Ax are nomaliy distributed themselves,
It is thus the result of a very general and. plausible model, and, even t‘aough
not exact, fits the ACTUAL DISTRIBUTIONS OF a wide class of experimental
deviations fairly well[z}. As will be seen, it is &also a mos“c CONVENIENT
ASSUMPTION, which we adopt in most aof our f’ollow:mg, da.scuss:.on.;. '

In the 1imit n- w, p >+ 0 but np remaining noderate (1..e.

1% + (np)? << n), the binomial distributicn reduces to the POISSON DISTRIBU’T‘ION

which gives the probability of k suoce;ses out of n 1nda.v1dual_1y, unlikely
events, This is an extremely important topic in modern experimental physics
and will be taken up in Chapter V,

| 2,2  The Dispersion Indices

_ Withoutfefening to the distribution of a set of data x_l, xg,... 4
(average value x), we can use the various DISPERSION INDITES to indicate how
they spread, e.g. ’

(A) The RAM;E(Qf‘ Sectidn' 1.1'); il.e. max(kl) - m:r.n(x1>,



(B) The MEAN DEVIATION, Ax = -:—1‘ Z %, -, emd
. ) , o . S Ta .

(C) The STANDARD DEVIATION :

S:@:[%L(X“)] | (204-)

(D) The SKEWNESS é:ﬁ KURTOSIS, which we do not giscuss,

Among the ch.spers:.on indices, the sta.ndard. deviation is said to be the
most SJ.ALISTICALLY EFFICIENT‘LS], which means that, for several sets of m
meéasurements each, the standard deviations for different sets will agree among
themselves much Letter than the range or the mean deviation. It is therefore (/
the most commonly used dis'persiiéri iﬁ&gx a.mqng phy‘s.j_'.c;'a‘gl scientists, Eq. (2.4)
i3, however, an underestimate of the standard deviation of x, from the TRUE
MEAN VALUE qu, def:.necl as 1:\.m X.. We therefore use the, ES’“DLAT"'D PARENT
STmmARD DEVIATION (or VARIA.NCE o ) - '

i

|

il

where the replacement’ of n by (n~1) in the .deronimator reflects the faot

.A.

NI i (2.5)

that x 4iff ers from Xpe If we assume a normal distribution for x , then
Za. (2 5) g;wes the i\'OST LIKELY ESTHIATE of the perent standard deVla.ulon.[ ]
o def:.ned. as [- Z(x xT) ] o - Lo '

l=4

. 2.3 The Probable Errar

The FROBABLE ERR(R 6x is defined such that any further SINGLE
measus ement has a 3 probab:.llty of falling within the range (¥ = &x, x + 6x)
It thus has a direct and simple phys:.ca.l interpretation not shared by the '

dq.spersa.on indices,

How does. one find x 2 For a Normal Distributiod it is’ proportional
to the sta.nd,\dev1atlon[5] -

ard



8x = 0,6745¢ ' *

0.6745\[1—;-1_—5 > (= - P? (2.6)

i=1

However, it is the mean value X vhich is of the greatest intefe.st.
As will be shown in the next chapter and in the appendu: as well, the
PROBARLE LH{OR OF THE MEAN &X is

8x = 6x/ V1

n
PSR 3
0u6T5 N Loty | (2.7)

[ I—

This is what we use as the random error of the mean value of a whole

‘set of measurements. If another set of measurements are made to yield a new

mean value x' +then there is a 50-50 chance x' will be within the range
(x - 8%, X + 8%). '

The standard deviation of the mean can be defined m analogy to’

Eq. (2.7) and is also used sometimes.,

24 ° The Errof of An Error

In Section 2,2 we mentioned the spread of errors in connection with
statistical efficiency. The question therefore arises : now "good" a;e the
estimates given by Egs (2.5) ~ (2.7) ? How are the deviations of errors from °

the "true error" distributed, and what is"t‘he errér of an error ?

For normal dlstnbut:.ons the angwer is quite simple : the deviations

of errors from their mean m.ll tend. to a normel d:.str:.butlon for a sufficiently

" large number of data, and the PROBABIu ERROR CF A PROBA.BLE ZRER 15[6]

8(bx) = 0.675 bx4/2n , g (2.8)

where n is the number of measurements, Obviously &x may be placed by 5%

on both sides of Eq, (2.8). The fractional probable error of 8x is



,46(535) =.OQ6ZLE§ .- . (2.9>
ox fz-;- . . ~
For n < 6 the percentage error in &x is more than 20f%. '
Consequently there is no sense in putting down O6x with more than one
significant figure., Two sigmificant figures may be used if n > 6, but there’
is no‘r:i.gj.d.. criterion. In any case, it is senseless to attach more than two
sibnificant figures to B‘c v(or 8%) under any circumstances, For instance, a
'5% precmlon :.n dx req_u:x.res n~ 92,but then the intrinsic erraor is most -

llkely la.rge; tna.n the random error and it Would alsohave an error of s sey’ >

1%,

2.5 . How to Round Off Numbers

" Ina physical statement 1,0 om and 1,0000 cm are quite different
t‘-iinrs, Because the former implies an impli-citl error of, say, *0.,1 cm and the
la‘cte;, #0,0C01 cm, It is thus important-to round of £ the number of s:.gm.f‘l-
cant figures consn .stently in all data, The following self-explanato*y rules
‘would be helpful '

(4) Take all"readinbs' down o the'last digit shown by the instrument,
Add one (but never more) digit by visual lnterpolatlon if Judged.
des:.rable.«_ i L. '

(B) The mean value should have the szme number of digits as the
iﬁdj.vidual readings, or at most one more, deperding on the
experimental error. This rule may not apply *o pal*fi.Cle counting
rates (see Ch, V). . |

(c) ‘In‘_ .any further calculations, carry all (or as many as practicable)

~‘l:h;e‘ significant figures of the rounded off primary data,and for
.. any constants (such as V2 or ™) use at least one more s...bnlfn.canb
flgure than the most accurately o.etermlned phy51cal quantity.
“Round of £ the Iz.na.l result according to its error {see next
Deba uhapter) » ) _ ' _ o .
(D) ‘The error should al.zays OuCU.‘)J the same position as the last one

(or two, as the ca.se nay be) cb.g:.t(s) of a measured result,

A - .
o o



IIT. THE PROPAGATION (B ERR@®RS

3.1 The Functions of Obsérvables

Very often the physiczal aue.ntlty of lnterest ¥ is found 1nd1rectly
as a function £ of the directly measurable quantities ( ) (¢ = 2, «es ),
If n sets of measurements are made, each yielding a set of data xfe)

({ =1, 2, voe n), then the most common procedure of obtaining a fn.na.l result

Yo is by substituting the average values ( )(the "t sn.gm.fles a.veraglng
n
over the measurements : ¥ = -3-12 X5 ete,) into f :
. L=l
Y = RO O (3.1)

HoweVver, from a statisticel point of view the result obtained by averaging over

f is more convenient and satisfactory.:

- T (2) )
y = f(x( ), x( y’ see x( ))0 . (3°1A)
By making a Taylor expansion of each term on the naht of‘ . (3.14)
about the average values ;ce and using the fact that (x ) always

vanishes, one can show that the two definitions (3,1) and (5.1A) agree to first-
order approximation., We will therefore use  Yya and ¥ interchangeably

(e)

prov:.d.ea the d.:.spers:.ons in x are not too large,

3.2 The Basic Formula of Error Propagation

Once yp or ¥ has been determined, onme is immediately faced with the
problen of deducing its error from those of x( ) Let all cf x(c')‘
IMDEPENDENT VARIABLES, so that the probability distribution of one does not
affect that ‘of'the other, Tne overall distribution is then just the product
of the individual distributions : '

O S DR O IO (™), (3.2)

As a consequence, the x(e) are also UNCGRPJILLATEHJ[?] :

-1 -
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Now suppose a number of HYPOTHETICAL measurements of all. x(&) are

@€ <

made, each ylelding a set of results x , 2y eee m) and hence.a value
for y. How would each y deviate from y?7 In first-order approximation,

elementary calculus together with Eq. (3-~1) leads to - , » .

-§=
& ax(@)

( N
Z afﬁx(i)! goo X ) ( (&)—}-c(z)). (3-4-)

We square both sides of Dq. ().14-) and take the averag,e over ALL the hypothe~

tical measurements :

692 = (7 - )2

5 & (M - "“))

£=1 ax°

Z 2L ( (k) -(kj)_(x@/ - 2@)),; (3.5)
E A -

where we note that all 'différential évo'e"ffic-ients are eValuat'édca’c the means

;c(ﬁ )

to show that the second term aluays vanishes :

and hence need not be averaged. With the help of Eq. (3.3) it is simplé

90y _He)y LT | {95e) | gle) | 5(95(e)

=0,

We then arrive at the BASIC FORMULA FOR IRRCR PROPAGATION :

] n 2 2:
(09)% = > Ep) o)), | (3.6)
, &= |

_
in waich both 8x(&) and 8y refer to parent standard deviations, so that
from a finite number of actual measurements cne should use-Eq., (2. 5) to

compute the 5}’(€> on the r:.ght
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So far our derivation is quite independent of the lkind of distribu-
x(ej. If normal distributions are assumed, then we can multiply
both sides of Eq. (3.6) by (0.671;.5)2 anl reinterprete 5x(€) and oy

as probable errors . : . .

(@) must all be INDEPEMDENT {or at least
UNCORRELATED) for Eq. (3.6) to apply. It is NOT VALID OTHERWISE,

tions of

We stress again that x

3.3 Some Useful Corollaries -

(4) The Probable Error of the Nean

Since the mean value is defined by

n
- 4
X = - X. )
n i

N

L=1

direct application of Eq. (3.6) yields

"l

o
il

2 3
1 2
[ ) =56z )]
iZ-::.nz -

where 0x »is the probable error of any single measurement X o This is then
. - L
a proof of Eq. (.2.7).

A’f\

(B) Linear Combinations of Variables

3

L4=1

L)

(vo

where c& are constant coefficients,

by = [ > (o
- e=1

4,stx@’))z]—?‘ .

(C) Product of Powers of Variables

y TN 2 PP | (e,
¢=1 '

vhere P, are constant powers,



then

and if

or

then

-G -

: m :
2
(6y/y) =Z pf(6
-4 =1 :
(D) In particular, if
‘ Yy=a+bo

£0) 2
.

xR

—
<
N
n
11

¥y =ab

Nj(ﬁa)z +f(6b)2 3

: - é,ﬂ
+ (75) .

~~~~~



IV CURVE FITTING

-

L1 The Method of Least-Squares

In applying the graphicel method to data analysis (cf. Section 1.2) |
it is necessary to fit a curve of the form y = £(x}; 2, b, ¢, ...) to n
experimentally determined points (x,, ya),’_ (xz, yz), ves (xn, yn) ¢ ‘How can

the physical parameters a, b, ¢, ... be found tc give the best curve ?
We make the following simplifying assumptions :

() % (i =1, 2, veo 1) are tue pre-selected locations of the variable
x and are quite accursztely determined, so that they have

negligible error,

- (B) The deviations of Y-L(I. =1, 2, «u. n) along the y-axis from the

. hypotheticel best curve form a normal distribution,
(¢) a1 ¥y, ere determined with approximately equal accuracy.
Under these assumpiions it is possible to show(gJ that the MOST

LIKELY curve satisfies the LEAST-SQUARES CRITERION, i.e. a, b, ¢, ... should

be chosen to minimize the mean-square deviation 8 o y,  from the curve

i
(Fig. 3) :

; & | - N o

S = -I;. [y, - f('}: ; 8, b,y ¢, -'t)] (4-1)

L 1 .
la g : ‘ :
. and,
e 3s _ 38 _ 9s )
5a = 7D = 'a‘—o‘ = ses = Q, (L(-.d)

Qg
Y
7

L 4)
Feay

%

{

P

;A‘” i
.

|
f
[
i
%, Z: X

L I >Z

Pig. 3. In a Least-ScuaresFit to 6 data points the paremeters of the

curve C are chosen so that %%(Ay_)z is minmimized,
’ [
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Excepting very pathological cases, the necessary conditions
(4.2) are usually also sufficient for determining a, b, ¢, ... » In

particular, this can be proved to be always true in fitting a straight lins.

If the error éy differs veLy much fron p01nt to p01nt (uaj,
mere than 1001) then it wou*d be necessary to welgh eacn term in Eg. \L 1) by
an additional factor (6y ) so as to’ emphaglzu the more accurate points ani
hence maintain mesdmum llkellhood. The assumptions (4) and (B) are of course
never strictly valid, but can be verified to hold true to a fair dégree'cf
approximation in most actual cases to Justlfy the use of the least—squares
method, which ls,Ias you w1ll see, verj convenient,

4.2 The Lirear Least-Sguares Fit v _ _  N . - (;;3

We noﬁ_apply criterion (4.2) to fitting a straight line (i.e, finding

the slope a and intercept b)

= £(x; 2, b) = ax + b, o (803

to n points (Y A )(; 2, v.. n). S*tar"_lg with
1 - ",..
=;;Z<y -ax~b> | (4 )

the minimization conditions leads to
z ., | I (&.5) C

Xa + nb

Ra + Xb

where

i

il
[

[

1]
™
=

. =4 L::L
N ’ . ' ) (4.6)
n > ' n
—
R = X Z = p,
2-: R . 8 Z’{;,yt ot
i=2 ) 1 =4

The solution for a and b is :
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a=(nz -XY)/0 , (4.7)
b= (RY = X2/ ' (4.8)
where '
A = R - X2 . _(al'-.*:éys ‘2 0) (4.9)

The actual computation of X,-Y, 2 and R is a very tedious and
tine-consuning task, which however must be done with high accuracy, since

L

there is usually strong cancelling between all the opposing terms.

It is interesting to note Tha.t, &8 easnj.y verified, the solution

(L, 7) = (4.9) is elways such that Z (7 - ax - b) = 0, which provides a-
Lai
simply check on the correcctness of the comnutatioh. If course, desk

Ca.LCUlc»'CO °s or computers should be used whenever possible, As a matter of
fact, oo:apuuer subroutines on least-squeres fits are usually available in

most program libraries,

If weigh factors w_ = (6y£)'»-2 are used, then the same result as
L

Lq. (4.7) - (4.9 ) are obtained but with X X, Y, 2, R, and n. replaced by

Zw'x" Zw y, T‘w..J, 7“"{ Cand Z .‘,reapect:.vel}.
3

L

* In the spécia_l case of fitfing a stra él‘" line goin g througn the
origin, y = ax, Ea. (L.7) reduces to a = Y/X or a = Z/R, both of which
should give the same result, The special case of fitting far a = 0 is
Just the same as taking the mean value of y, 'th 2q, (4.6) reduced to

Y/p as expec ted

4.3 Brrors in the Linear Least-Squares Fit

The errors in a and b can be found from Eq. (3.%) and (4,7) - (L.9):

CORESY (av 28)%y,)°

=1—2- Z(‘“ = 2 (o9)°
3

" 2.
I'%X 2ril o X 4 1:11.(6‘\])2

n
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or - : '
Ba = A/ i—l 5y, (4.10)
and, similarly, : - _ |
TR o o . o
Gb = ;\E‘ §y\: o ) . . (4‘011)

In this derivaetion we e.géinhé@lect the errors in xt -.and’ assume
all yL ta have fhe same error 8y, which is the provable error deduced
from the paremt standard DEVIATION of .. from the straight llne[ 9]

[Z(y - ex —b)

by '- 0. 6745L

L
Z

(4.,12)

n-ZM

where the (n - 2) in the denominatcr reflects the fact that a ahd b are but
the best-estimates of the ‘true velues, so that-there are only (n - 2) degrees
of freedom:left for the n points, We need only ONE dcuermn.natlon of y for
eaoch xl to obtain &y this "way. The JCP’*‘QD/LEI\TAL GR Ay (f‘:om one or
MORE determinationc) should agree approximately 1th Eq. (4.12) If that is

not true then éz.thex y. does not really depend on x lz.nearlj or there must

-be wvery _Large erTors. :.n the estimate bf Aj .

™



V. THE POISSON DISTRIBUTION .

51 Characteristics of the Distribution Function

In modern physics one very of ten wants to ask>the guestion : if a
microscopic entity (atom, molecuAe, partlcle, etc,) has a very small
probability p (say, ~10° ) of doing something {e.g. jump from one state-to
'a.ngther) w;.th:.n a certain time, then, out of a macroscopic entity containing

10)

a large number n (say,'~10 of these; h¢w mény will do it within the same

time interval 7

‘Obviously the AVERAGE NUMBER (F SUCCESSES (i.e. of those who have
. "gone it") p, obtained by repeated counting over the same time interval, is
N simply ' | | | .
h p=npe | : ) (5.1)

The DISTWIBU”TON of the "number of subcesses" k is, surlctly

speaklng, a binomial dlstrlbuulon, but, in the limit n-— e, p— O and if

k2 + “2 << n, reduces to the POISSON DISTRIBUTIQN[1O]

hid —u .
P(k; p) = Bpi— - o (5.2)
. . o —
which is NORMALIZED (i.e, Zi:P(k; ) =>1), and is most easily understood
' : k=0 :

a2s the PROBABILITY (F OBTAINING k success in a measurement of n trials

q )(Flg- ) .' P N

!

I

I

]

|

[ ) "

| : ~
R:ﬁL ' L 7 R
Figo 4. A rough sketch of the smoothed Poisson dist rloutlon. Note

the asymmetry and the fact that the peak po<1tlon k is

elvwveys below tire mean velue y (u -1 < k< u).

- 19 -
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The Poisson distributicn differs from the Nérmal Distribution in
two respects : (2) its variable k is a DISCRETE INTEGIR, and (b) k being

a random variable, the mean 4 - ‘also deterfiines.the standard deviation of I :

S =VE o e (5.3)

The standard deviation of the mean is .

u

where n is .the number of measurements, It is seen that Eq. (5 L) reduces
to Eq, (5.3) in case n = 1, cnd so is applicable even if only one measure-

o 4
@ment is. ma.d.e.

Eq. (5.3) gives the best estimates of the parent standard deviation,.

One ﬂi'afy",' however, also compute the SAHPLE STANDARD DEVIATION directly :

J.

ScS) - [.. Z (x, - u) ] » which should tend to 0”1 as n-w . This provides

L=4

an independent check of O ancl can be e;;perimenﬁally verified,

The probable error 8 is not related to o by a constant coefficient:

where o(20) = 0,575, o(200) = 0,640, c(w) = 0.6745. It is common to fix ofu)
at 0,6745 and disregard. the slight overestimation of 6 Pwmther:aore,, the

Poisson distribution is not symametiical, so that the nean vz.lue u is not the

s

}

same as the mode or the median, The probable errar 1is taerefore not gymmetmcal‘v’"

with respect to pu. This asymmetry can be disregarded for lerge p, because the
"skewness" of the distribution decreases as 17)/}1. All in all, except for very'_.
small p (say < 20 or 30), o and & can still be treated in rouginly the same

manner as in Chapter 2,

If u Dbecomes large (u >> ‘1')‘, then the curve in . Fig. L gradually
becomes symnetmcal. ' The Poisson distribution then reduces“zj to a PARTICULAR
Cauos:_an. a:.stnbut:.on peaked at p and with standerd deviation o =Yy, as can
be shown by applyln{, Stlrllng s formula to Eq. (5. 2) and then Taylor-expand
1n P(l\) at the point k= g, resulu*ng in ”



o
Sarign

s w?
2

) ‘ 2 '
limP(k; y) == ’ {Ik"’ﬂ "’H)
[f‘*oo . A/ZIT[J

:-—)oe .

which further justifies our treatment of the probeble error.for u >> 1,

Another interesting feature is that the "sum" of two Poisson
dlstnbutlons remains Poissonian, so tha.t for instance, the source count
baplggroun& count _apd combined count in radlqactlveb counting all follow Poison

distributions.

5el Applications to Particle Counting

(A) The Stand.ard Deviation in the Countlné Rate

It is important to remembez that o = Vyu ref‘ers ’co the standard
deviation in the number of counts, but not to counting rates., If. N. counts
are recorded by a particle detecting system in m seconds then the counting
rate is )

. (N {N) counts/sec. s (5.5)

1T N/m +/W/m counts/sec.

(B) Different Schemes of Counting

Since Oy is independent of the number of measurement, the
accu.ra.cy in the counting rate depends only on the grand total number of counts (N)
taken, and is independent of the numbers of measurements in which these counts A

are made,

‘ Suppose - m measurements yield " N1, N2, cas Nm counts,
respectively, each taken in 1 sec, The average rate is
m
R = '1 N .
m i
" lumd

The standard deviation in R is, accordinz to Eq, (3.9),
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t=1
I AT
m .
i=d1
or ' . ' )
- oy =W/’N/111 B . e e (5.6)

‘where N :'"Z‘N. . is the total number of counts, and we have used the fact
3 ' e .

{mi - o T (

thet o 2 = N, |
ot 3 ‘
If we regard a_'L1 the count° as. ‘ca.ken in one single measurement,
then, clearly as given by Bq.. ().5), O'R is aga:m \fN /m ; in agreemenl with
- Ea; (5 6) . - However, tak:.ne, the counts’ in several consecut:.ve mnauuremnnts -
has the advantage of rnwal_mg long term drlfts in e:.ther the source or the ‘
background, if any.

(C) Cowting in the Presence of Background

Suppbse in time t‘§ we record Nb‘ "background” counts and then,
with the particle scurce put in, N counts are recorded in time t(').' The

source rate R 1is obviously . L -

RS
N

Rs ?=__—V_€9 '- .\.-.(,5"7)

o
off |_'g‘z

The standard deviation o, ‘follows from Bgs (3.6) and ( 5’.3)' :

a
i

& [(5 /JGO (O' /tb )]

\[r(/t) n th’ (5.8)

.where R, and R, are No/to a.nd N‘t/tb’ respectively.,

Ix
I
1

¥

o v
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(D) The Optimum Division of Counting Time

If a total of T secs is awallable f‘or counulnb, .mat fraction
A should be ‘allotted to background counting so es o minize o a.nd give the
best result ?. To find A we differentiate Eq, ().8) w:Lth respect to o 2,
with t, =ML emd £ = (1 =A)T, and set the result‘to 0z

a_ 1 0 _
XT__»(A +=2) =0

Q

which yields

= (5.9)
o + R‘b )
or simply
'Eg = R-b ° _ o ) ) (5q10)
It thls scheme is adopted then the m:Lm.m:Lzed gy is
+ . oL . e
o = R" . (Optimum) (5.11)

s ﬁ _ | .
(E) In Case of Heavy Background

If we try to count a very weak source in the presence of intense

‘background, how much time T 1is necessary for a meaningful result ? Clearly

RS >> o is a sensible criterdion, which, in the approximation R.b >> RS, leads.
to the requirement
l[.P .
T >> —2 | (5.12)
R 2
- s .
when the optimum time Division described above is used, If both R and R
are given in seconds then we need T >> LOO secs or T~ 1 ar. for measuring

a source one tenth as strong as background.

(F) Time Interval Distributions

Tbe Poisson distribution can alsc be applied to the TIME
INTERVALS between successive particle counts, If the everage counting rate
is pu then the average time interval is |
? X (5-13)

5% =

==
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whichi has a standard deviatioh egual to itself: c(AtQ = At, Due to the
asymmetry of the Poisson distribution there ars more intervals (63x%) shorter
than the average value, R ' ‘

All coﬁﬁtiﬁg.equipments are limitcd in that, during a characteristic
time interval <, (the RESOLVING or DZAD TIME) immediately after a count,it
is insensitive to any counts received, Since short intervals between counts

are more probable, the dead time artificially reduces o(A%) by rejecting all

At < TR-

For an observed counting rate: Rc we must make corrections for
the "lost counts" as follows :

| R~R (1 +R7), CRI A
in case RCTR<< 1, or if the loss co@ﬂts do mot lengthen the dead time; and
AETR : ' B
R,~Re  © o, | (5.15)

if the dead time must be reckonéd from the last count received,



\'me.*"

(1)

(2)

(3)

NOTES

. 7 . ]
Applying STIRLING'S FORMULA n! »4/Zrd (n/e)” (as n w) to the factorials
in Eq, (2.1), one 6bt§;ns_the discrete Gaussian distribution
Gk (k;.0) = exp[-(k - k )2/(20'2)]/(/50') ) where d":A/npi'] - p;; and”

o
ko = np. We take ‘p =% as may be expected, 50 ‘tha‘t o =Vvn/2, ! k= /2.

s

The probability of finding k' = 2k - n is p(k') = 6((k' + n)/2; o)(ak/ak")
= exp[~k' /(20“ )]/(/2—1;0") = G-(k'; a'), centered at k' = 0 and

o' =20 =,/n . It is then obvn.ous that Bq. (2 3) fcllows, m.th o -.4/ nldx,
We note that n and Ax cannot and need not be. separately determined, so

that the elementary errors are really of a. hypothetical nature.

The 'simplest way tO'See if “a set of data forms a. Normal Distribution is to
plot y. = 1n (n/no) against x = (5x)'2,, so thet y.= (-1/20’2)xi- 1n(/2r¢),
where n, is the total =number of measurements axd n the number of
results which deviates from the mean by b&x within some discrete intervale ©
The data points should fit a straight line (slope = -1/%-»2, intercept =
- 1n(/?r o)) if they form s normal distribution, The choice of the size
of intervals along the O0x -axis can affect the result, and, for a
sufficiently- large set of data, it is mOSt convenn.ent ,]ust to "qua.ntl"e“
8x by its last rhglt. Tt turns out ‘that most experlmental results would
fit Quite well within one or two standard deviations (6x < 20), but then

get bad. in the "tail region" ,: which is very: sensz.tlve to small fluctuations,

For a more systematic way of ‘gagglng wnether a ma‘chematlcal distribution

fits the data well, one ‘usua,lly turns to the Xz-tes’c, which gives a. -

 single numerical estimate of the goodness of the fit. The interested

readers are referred to Parratt, Section 4-8, p, 180,

The rclative Stat:.stlcel Efllclency :.s :oaug,ed. by ‘bhe inverse oi‘ :,he nuu.ber
of measurements which are necessa.ry to y:Leld a cerban.n statlstu.cal :
precision (as judged from the stamard dev:.a.t:.cn) in the measured qua.m:.tj.
It can be hown ‘that the MEAN as a locat:.on index is the most efficient in
general, espect:.ve of the distribut 1on o:E‘ data, For Normal Distributions, .
the standé.rd dev:.aum is cons:.d.erably more efuc:.ent taa.n either the mean
deviation of the rangs, especn.a.lly for sma.'Ll . It 1s also. lcnorn to be.
the most efficient among all quadfa‘t::.c es’clma'tors for a whole class of
distributions (i.e, those with kurtosis = 3, which includes the normal

distribution as a special case,)



(&)

(5)

(6)

(7
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~The basic problem of estimating the characteristic parameters of a

distribution from a finite set of experimental data is discussed in the

_Appendix on the method of meximum likelihood, Hearly all the formulze

we give in Chapters 2, 4 and 5 should be regarded as THE 3BST ESTLIATE
of the hypothetical parent distributions. '

This is obtained by looking for 8x so that the probability of x '

satisfying 0 < |x - xT[ < 5x is 50%, i.e. one requires

P 0x : - '
/ , .dy.exp['—ytz/(.?.t_?’z)]/(./ ro) = erf(f)x/o’) = 0,5, By looldng up a table
-5z .. ‘ ’ .

. 1 z
of the error function erf(z) (= 2(2:1')—_2-‘[ exp(-’cz/z)dt.), one finds that
" , ) o . :

erf(0,6745) ~ 0,5, thus- 8x = 0,67450 .

For an unbiased estimate one should replace n by (n - 1) in Bq. (2.8).

See discussions connected wmith Eq. (A7),

The proof is véry simple : by definition -

RONON ‘/P(x(k)x(&))'dx(k)k(z);f

p(x

= /p(x(k>) dx(k) /p(x(f’))dx(‘s): Z(k):c'(&). The converse, however, is

not true in general : statistical independence is a stonger condition

than non-correlation,

The f‘unctj,ozi of normally distributed variables is in general NOT a normal
disﬁri’bu;tion, as can be readily verified, It z.s therefore not really
c‘orrect to reinterpret Oy as the pro‘bable error this way., We may, »
however, regard 8y = 0,675 o, asan operating def‘inition,Aal_Wé.ysbbearing
in mind that it may not give *he correct 50-5C% limit. An investigation of
the distribution of y would be very complicated, and is rarely attempted
in ordinary experimental situations, It does come to. be of paramount
importance, however, in the anal;jsis of hig ~energy particles, espscially

in connection with the detection of resonances.



(9)

(10)

(11)

=:2l-=

See, for instance, Parratt, Section 3-5, p.135. -

'I_‘lﬁo proof again depends on a straightforward application of Stirling‘s

forsula.

In contrast, the parent standard deviation o blows up in a Normal
Distribution if . n = 1} __-LE(;Q,_(Z.B)) . VThi}s atre‘sses_ the difference .
between a normal and a Poisson distribution : in the former the location .
of the mean is completely independent of the "width" o, which must be

estimated from a number of measurements, while in the latter the location

_ also determines the dispersion, and the distribution camnot be "translated"

along the Xk exis,

We apply Stirling's f‘ornu_la to the e,cpre.:sn.on for P :
z(k) = 11’1P(1:; u)-~ % In(p/k) + (k - p) - % 1;1(~2;>v k).

The peak is given by

z' (k) = 1n(u/X) - '2-1; =0,

or ko = pu if we neglect -21—k_,.’l‘he_ secord derivative at. "-ko is

(k) = [-ma =) T o,
Z o | k + szJ Co ko
and. L S
Z(ko)' = - '15 In(27p )
Consequently
2(k) ¢ a(k) + 3 2"(x ) (k - k)°
: - ,% ln(zﬂ,u)__?};(k_ 1{)2; e
Hénc_e , H T | - ;‘
Pk, u) = exp(z) - ? xo[-(sc - u) /(2u ]//m, s

as we wish to prove, : C T




APPENDIX THE METHOD CF MAXTMUM LIKELIHOOD

(1) The Maximum Likelihood Criterion

Physical Measurements always produce a finite amount of information
only and hence can never determine the characteristics of a distribution
furction or a curve with complete exactitude. ‘The principle which enables us
to bridge the gap between physical data and mathematical forﬁmlae is known as
the METHOD (F MAXIMUM LIKELIHOQD*, which is really the keystone to nearly
everything that we have said.in these notes,

§ The sfatement ofuth.is. principle is extremely simple : once a
‘distribution function ¢ vh‘as been chosen to describe a set of data, the
characteristic parameters aof ¢ should be chosen to maximize the probability
that such data will be actually observed from events distridbuted according to

3.

(i1) Estimation of "y and o in a Normal Distribution

Let us take the normal distribution as an example,” We assume the

Gaussian function

G—(X, O') =

e@[-

! X = U !2 . K N
A o &
describes the data points x, (t =1, 2, vus n), The probability of observing
one point x in the inte_rval dx being G6(x, o)dx, the prebability of

observing n points x; in intervals dx

is therefore
L .

*  First used in special applications by Gauss in the 19th century, this me thod
was systematically developed by R.A, Fisher between 1912 and 1935, just“t..‘i'e" years
when quantum mechanics was ABen‘.'ng ’Sbrn. It is now the most important approach to
"real" statistical problems,
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CLloy y)dv! = H G(x s c)d.x

.

VE P

where L is known as.the LIKELTHO(D .-IS’UI-ICTICEI and dv!

dimensional volume element.

We now require o amd pu

in L, is a maximum :

lnL =
Hence
‘ 3inL _
du -
or
.y' =

1=

exp(~

1-..

%

DY RRRICT

n
= del is the n~

l=21

to be so chosen that L, or equivalently

'-n[].n,/’c?r + 1n 0'] - —

;_%:Z (x, = 8)

b P
I

i=g
0,

QOMZ (x, - u)”

which is our best and unbiased estimate for p (cf. Section 1.1). Next we set

dinlkl
o

[sY)

W,

or

g 242
[ Z(:_:.‘ - )]

6_13+;3 Z(x -

l_n

which, as already mentioned; is a BIASED estimats of o because the solution

deperds on an estimated guantity p and it can be easily shown that any

deviation of u from the true mean always increases o,
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To obtain an unbiased estimate, it is necessary to consider a single
quantity containing both p and o, To do this we define the rectangular

coordinates 2, of an n~dimensional space S, ¢ : ,
= (XL -,U)/O".. (l'. =1, 2, .ce n) (AZ)

The radial distance R of a point (zq, Zoy ees zn) in Sn from the origin is

R2 . Z'ztz R .. (43)

and the volume element dv af a hypersphere centered at the origin in Sn is

av =] a | (;’;
v H % - o (AL*)_ ~
=c 2" a,
where we have expressed dv in terms of R , and Cn .
is a characteristic constant (e.g. 3 = Lar, C2 = 27), Substituting Egs.
(A2)-(A4) into Eq. (A1) ard considering L as a function of R only, we
obtain | ' |

hn 1.2
2. n "
L(R)aR = (ar) CR e dR., (45)

'The best estimate for R is obtained from

3 ln L(R) 3 - 1.2

aR

or :
R2 =1~ ‘f,

which, together with definitions (A.Z) and (A3), immediately yields the
previously given result

Z(x -;1)]
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Strictly speaking, rezlly we have only shown thet IT(x - ﬁ)g/(n ~1)
is the best unbiased estimate of dz, wiich does not at allﬁmean%the,squa:% -
root of it is necegsarlly the unbiased estimate of 2 = o (it is not Y.
Fowever, we can well neglect ‘the dlfference, Whlch turns out to be extremely

small.,

(1ii) Precision in EstimateéhBaéed on Maximum Likelihood
By agsumlng a Gﬁusslan shape for the likelihood function L, it is

p0951ble to obtain a general for nule for the standard deviation of the best
estimate By %

2
(g - gb)
. L(g) ¢ exp[- Pl } ]
e I gg'ff"”"“““V S T
s0 ‘that;: as can be easily vei~ified | | :
2t LT E
o=l }n el . (46)
BT TR .

Direct application of Egq, (Aé) to p in Egq. (A1) 51ves us the
standard deviation of the mean :

L2
o =‘-’{‘a—-—'-—2(x;" o P) | R I
_5;1 20‘ ' t

n|~?

..5.‘
/"‘I

which agrees with Eq, (2.7). -

st

* Thnis in general is of course not true,  In particular, it does not hold for

'L(cj;@iyen-by Eq.f(A1) - We msy. nevertheless approximate the dlstr1but10n of

& near the optimum value o by such a curve, and tnusvuSTIMATE 1ts , ,,4_ 
standard devmatlon by Eq. (46). |
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In exactly the same way, we can obtain the standard deviation of

the standa.rd. deviation :

0‘0:={— [—nln(f_’oﬁ -“"'Z(Y - u) ” E
=i-a-$ -:B—Z(x - w4 o
SN S 2" %
(= g %)
(Biased)

= <. ,
A2 | -
| 5 )

in agreement with formula (2.8), Here we are actually making a biased estimate
of o_, and herce set Z(x —p) = nc‘z. To obtain an unbiased estimate

(again qua.la.f:.ed. as prev:.ously mentioned in (ii)) we have, from Eq. (45),

2

s -
= [ &me 1
o [ aR2 n L(R)]

e

Sk

o, can be related to o a.nd VO'H through Egs. (A2), (A3) and (3.6), yielding.

R i o
. S

T _ J2°R
7 oB(x =)

_ofi-1 1
(n=-t)a? 7

y

_or

g = ——L . ("unbiased") (A7)

This is the more exact formula that one should use for small n, even though it

would hardly make any difference in practice.

(iv) Treatment of the Poisson Distribution

The Poison Distribution presents a particularly simple exemple for
the application of the masdmum likelihoold method, For m measurements

Kis Kys eees K the likelihood funetion I+ is



("‘-}

~33 =

m '11

L(u) -H (k
et ).
k‘ . o

where K = Z kl' So the most likely value for the mean is given by -
l=q

in L) = ——-[K lny-my - Z(ln k ’)1
an.

a#

K_,

.

= 0, »
which yields the expected result p = X/m = k .. The standard d.ev:i._ati_.q‘n of the

mean is

~

QqQ
U
[\
(MBS

. n _

- ——Z[K in g -y - Z(ln x 1)1}

1
ou b=t .

i
P
R
W
]
|

which agrees with Eq. (5.4). Since only a single unknown parameter p is "

involved, both estimates are not biased,

“(v) Conclusions

In the same manner, the method of maximum l:.kela.hood cen be -eitended
to treat the. problem af curve fitting, thus “prov:.ng" the least~squares cntenon
for normal ‘distributions, and yield the results- given by Base (4e7)=~ (14. 9), and
(4.10)~(4.12) , These formulae should all be understood as the most "pm‘bable
values" obtained from estimates btased on all the available data.

The me’chéd of maxdimum lilelihood is of courée not unlimited in its
applications, In particular, to apply it ome must first guess or assume the

precise form of the parent distribution, which may not be straightforward. In

-addition, the likelihood function L becomes so complicated in more realistic

problems *tha® the proper maximization of L can be impossibly difficult. One

pay then have to settle for a less satisfactory but more manageable approach,
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Foy Normal Distributions

127 = 2% Ty 25 eees )
then . L
(57)° = ( x> “(6)° +<"f)<a )2

'3
<

A SIMMARY OF n@omm'r _E‘QRMULAE'

(Experimental Erro_r) 2 (5)
= [max(Random Error, Intrinsic
Error)]z + (Systematic Error

Estima_te)? .

The Best Location Index

= MEAN VALUE x = L E.c
The Best Dn.spers:.on Ina.ex
= PARENT STAMDARD DEVTATION

Y

n -1

Probable Error of one measureme nt

8x = 06450 s |
Probable Error of.the Mean

52 = '5—-5 N

A/ni

The Probable Error of the Probable
Error o

. bx
0.6745 —= ,

A 20

The Formula of Error Pmpégation

5 (53) =

v & 2(5@2

T

.

Z

' successes out o n trials :

.B(k n,p) =

h-—ér 0. (:;g«& F/ML éf%

The Leas’tf-SJ rac Fit for a Straignt
Line y = o (% 2 :’i): '
i =‘1: 2y eeay D

= (nz - X))/, b= (RY - X2)A,
A = nP. - Xz, ' .
=x/v/87 8y, &b =R/87 87,
X = ZXL.’Y:.Z:I}.,
= Z Xy, R= Z 5 o

: 1
8y = 0.675[(n-2)" > (g, % - vF?

The Biromial Distribution for Ik

n!

X -k
= TlemT P (1=p)"7 5.

The Normal Distribution (Ax - 0,n— «)

o) = —= sl (2 )’ 2",

o/ 2r
where o is thz sta.nda.r'l dev:.at,‘.on.

 The Poisson Distribution (p-—ro, 'n.;,,,)(i J
P(k u) -_uke yl/ £ ’,‘
: }2.,": Z P(‘C, #)k

e
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